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Abstract

» Two DARPA problems
Imitating Hilbert who proposed 23 problems in mathematics in 1900, Defense Advanced Research Projects Agency (DARPA) proposed 23 problems in pure
and applied mathematics in 2008. These problems will prove to be very influential for the development of mathematics in the 21st century. In the DARPA
problems, we are asked to understand “The Geometry of Genome Space” (the number 15) and “What are the Fundamental Laws of Biology” (the number 23).
» Convex hull principle for molecular biology
Our convex hull principle for molecular biology states that the convex hull formed from Natural Vectors of one biological group does not intersect with the
convex hull formed from any other biological group. This can be viewed as one of the Fundamental Laws of Biology for which DARPA has been looking for
since 2008.
» (Genome space
On the basis of the convex hull principle, we can construct the geometry of the genome space. A genome space consists of all known genomes of living
beings and provides insights into their relationships. The genome space can be considered as the moduli space in mathematics, and genome sequences can be
canonically embedded in a high-dimensional Euclidean space by means of Natural Vectors. In this space, a sequence is uniquely represented as a point by the
nucleotide distribution information of the sequence. Similar sequences lie closely, and convex hulls of different groups are disjoint according to the convex hull
principle.
» Natural Metric
The geometry of space is reflected in the similarity of sequences. The similarity of sequences can be measured by the Natural Metric, which is different from
the induced metric from the ambient Euclidean space. Like our physical world, dark matter and dark energy play a crucial role in the construction of the correct
Natural Metric in genome space. Our goal is to construct the genome spaces of seven kingdoms with Natural Metrics. These metrics are quite different in each
genome space because different dark matter and dark energy may bend space-time as predicted by Einstein’s theory.
> Applications
As applications, we provide the first mathematical method to find undiscovered genome sequence. Our theory allows us to explore the phylogenetic
relationships of biological sequences and where SARS-CoV-2 originated from. It provides a novel geometric perspective to study molecular biology. It also gives
an accurate way for large-scale sequences comparison in real-time manner. 1/32
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The Biotechnology Revolution in the 21st Century Brings Massive Biological Observation Data

The first stage: Sanger

sequencing technology.

_.

The third stage: The third-generation
sequencing technology, including Pacific
Biosciences' single-molecule real-time
sequencing (SMRT) and Oxford
Nanopore Technologies' nanopore

sequencing.

1970s

The second stage: Next
generation sequencing
technology (NGS), including

Illumina sequencing etc.

o >

Advances in high-throughput sequencing
technology drive sequence development

Sequences
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Genomic Data is Diverse
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Figure: The genome is the sum of all
genetic material in the body. Genes are
carried on chromosomes.
https://www.biologyonline.com/dictionary

/genome

Virus Example:

virus. It has a genome size of
29903 bp. (NC_045512)

. SARS-CoV-2is a (+)ssRNA |

Vertebrate Example:

Diploid human has 46 chromosomes, of which 24
linear molecules comprise 3.1 billion nucleotides
(GCF_000001405.40 GRCh 38.p14).

Homo sapiens reference genome GRCh38.p14
Submitted by Genome Reference Consortium (February 2022)

RefSeq: GCF_000001405.40

i

4

7

N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e =

_______________________________________________________

- ===

i % 4%

Tsinghua University

Bacteria Example:

E.coli has 1 chromosomes, and its
genome size is 5.6 Mbp.
(GCF_000008865.2)

_________________________________
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Background: Biological Taxonomy TEZS

Tsinghua University

7 kingdoms

2 empires

NO .
—p1 Virus
[ Life ]
RRIETEIEIEPERE S | pmmimimiimimi—eio .
Does life on earth L Prokarvot ! | Bacteria, !
have cellular o roxaryota : | | Archaea. :
structure ? ; Lo ;
i i i
YES ! o i
! Lo !
! Lo Funed i
| Lo ungl, i
i i i | Plant, ;
F o m i m i m \ > Eukaryota > Protozoa, |
: [ tod Invertebrate, |
Bacteria, : : : Vertebrate. :
Archaea, i P :
Eukaryota. i Lo i
i | i
[ Lo i
! Lo i

The basic scheme of
modern classification.

The principal ranks of modern classification and the classification label according to whether life on earth

has cellular structure.
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Sequence Analysis Methods

/" Sequence analysis tasks include sequence assembly, gene prediction, \ ! \

protein structure prediction, and sequence comparison.

Sequence@bsembly(cfersd Eheltdconstructio

of RION A [stquenceblaligninglahdmerging

small DN A Ftagments. [Atlpkesent, M ethods

based [oh [gtaph Eheoryatemainlylubed Fbr

sequencelabsembly, [slich EE[Qverl ap-Layout—

Consensus{DLC)Mdhd [deBruijngraph-based
SequenceAssembly (DBG),

Sequence comparison methods include alignment-based

algorithms and alignment-free algorithms :

Genelplediction [3Ed[dentifypbssiblelgkne
regionsiftom Ehelgbknomelstquencelahd
annotatefheselcdgions, llhich [3alkkystep [d
understandingfhelstructure@hdElinction [oF Ehe
genome.[Qurrently, [ab [Ditiolahdlelidence—
GenelBrediction drivenmethods@lelmainlyLked.

» Alignment-based methods use known sequences as a

reference to predict the location and characteristics of

Protein[structurelptedictionidfthe
processlof [ferringlsihree—
dimensional [dructureftom Ehe
. protein[sbquence.Atlplesent,
Sequence Analysis methodslEhsed [Gh Emplates,

T as k [ physical [pFoperties, o [Machine
learning@lelmainlyLked Ebr
prediction.[M ethodslslich lak

AlphaFold2lahd[RosettaTTAFold
ProteinRructureBrediction arel@oreRbpular.

» Alignment-free methods do not rely on reference

sequences, but directly compare the similarity between

two or more sequences.

Sequencelcbmparison idluked Edlcbmpare
differentbl ol ogical [sbquences, findEhe
similaritieslahd [differencesbktween
them, BhdiBfer Eheleyolutionary
relationship [of Hhelstquences. [t iSkbhelaF
thelmostbhsiclahd [hportant B skslid

\ Sequencelomparison sequencelzhalysis.
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| new sequences.
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Sequence Analysis Methods

» Alignment-based methods are limited by the sequence data size, and reliable alignments cannot be obtained when the sequences are much
diverse. So alignment-free methods have been widely used in recent years.

» Alignment-free methods include methods based on k-mer frequency, length of common substring, number of word matches, micro-alignments,
information theory, and graphical representation.

» These methods have been widely used in the fields of sequence similarity search, sequence clustering and classification, and phylogenetics of

molecular biology.

CCHITSY. ATV MR B
a Methods based on % S[DOHHEm sMEDIETO
m.ﬂ%&m micro- alignment Methods based on k- mer CATOER SO X IHEm Ber O
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—:7 ETYA2OH NN 7
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Figure: Alignment-Free Methods overview. Summarized from https://en.wikipedia.org/wiki/Alignment-free_sequence_analysis, 8/32
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Sequence Analysis Methods (Our Team Works)

Ourteam’has/made/many(cutting-edgelachievementsiin
alignment-free methods.

Graphicalrepresentation of DNA
sequence

Traditionalnaturalivector method/describingfour'base position
distributions

Improved methods ofladding(base position/covariance
NumericalRepresetation | information
Basedion’k-mer(]

k-mernatural vectorimethod describingthe k-meriposition

Developediaiseries(oflalgorithmsto distribution

efficientlylandaccuratelylcompare
large biologicalldatasets

Vectorrepresentationusingthegloballdistribution of(bases

Method(usingFourieritransformpowerispectrum
SequenceSignalCoding

Method ™ Methodbasedoncumulative(Fourier/power(spectrum

Based'on FourierTransform Cumulative Fourier/lPower-Phase Spectrum Method
IntroducingPhaseSpectrum

SequenceRepresentation word2vec

MethodBasedon/Machine

Learning Neural'Networkbased method

Humaniorigin

Most(of thesemethods havebeen Traceability of SARS-CoV-2

succ?SSfu"y 'applied tolimportant Globalreflection of HIVigenome sequence mutation/andlocaldetection of
practicallproblems(suchias highlymutated generegions

Protein(detection

Altheoreticaldefinitionlof( genomeispacethatrevealsithe/geometric'structure
of(biologicalsequences

Itialso performed(welllonimany Attheoretical definitionof (protein spacethat reveals the geometric structure

theoretical problems,suchlas of biological'sequences

Altheoretical(definition(of(Natural Distance for(Measuring Sequence

Similarity 9/32
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DNA ACAGCTCT AN GCTCACATG e Natural Vector Example: R

‘ D]
'\danL ‘i

If the genomic sequence is ACGGTAGTCC, the indicator functions are

N Thymine T TS Tmmmmmmsmsosooooooooososooooooooooooooooos . E shown as follows: i
$§) RN f Natural Vector Definition: Lo S JA[CJGJGITIAJGIT]ClC :
N &= &&= Lo Pos. | 1 [ 2 [3[]4|5]6[7]8]9]10

;\) e | LetS = s;5,55 ... s, be a genomic sequence of length n, and L = i E wa@l 1101010101 110101010¢0 !
. ' {A,C,G,T/U}. For k € L, we define the indicator functions: ro we@ 01 110J0101010J01111 i
P Wiel): P 1 i 0 w@[o]o[oJo[1T[o0o]o0o[1]0]0 !
! 1, lf Si = k , ' 1 !
: wi(si) = 0 otherwise Lo : istributi :
! ’ ' Lo The corresponding components of distribution vector are calculated as i
' Wheres; € L,i =1,2,3,..,n 1 follows: :
: : : ® nA=2,nC=3,nG=3,nT= . :
e Letn, = Z? , wi(s;) denote the counts of nucleotide k inS.  + 1 ¢ wa=1-34+6-2=35pu=2-3+9-24+10-3=7, !
i o Letuy,= Yt i ’;( 2 specify the average location of letter k. E E * U= 3-§t4-§+27-§=4.67;ur = -§+8-§= 6.5. i
1 i i : ! - 6—Z :
|+ LetDF = {;1% be the j-th central moment of L.+ Df (2_122 + (2 122 0.63; :
i N A ! E . D= (2-7)2 + (9-7)2 + (10-7)% 127 !
: position of letter k. v 2= 500 a0 tang - 127 |
! I ! 14 14 14
N O o B o S G IPOO l
______________________________________________________ ! Dy = 3.10 , + 3.10 + 3.10 0.29; '
| 5 13 13 !
.\« DJ 53 +(8 2) 0.23; |
T ! 1 Thenthe 12-?1.i1r$1en5|onza}ONatural Vector is: |
. Then we can get (4+4j)- dlmen3|02al NatuGraI \ector: e : '\\ (2.3,3,2,3.5,7.4.67,6.5,0.63,1.27,0.29,0.23).
(nAInCInGInTJHAIMC)”GJ”TJD !DZJD JD D D D D]') : N e e ’




k-mer Natural Vector Encoding (Our Team Key Method) EZE;

Tsinghua University

Th_\}mlne P e e e R

‘\i\@ .=+ K-mer Natural Vector Definition:
\\' =

Guanine Cytosine
. Q N

K-mer Natural Vector Example:

Let S = 545,53 ... S, be a genomic sequence of length n. Suppose If the genomic sequence is ACATACTG, the 2-mer sequences and their

W s W that 1] s the indicator function of the j-th occurrence of a k-mer positions are as follows:
, 1, ifLi=1, o _
LinS(i=1,2,..,45): [j] = {0 [ J ™ " the distributions Zmer | AC | CA | AT | TA | AC | CT | TG
_ , otherwise. Pos. 1 2 3 4 5 6 7
mer L isa of a k-mer [; can be described by three components:
: . _ vN-Kk+1j ) in Q-
segment of length k. ;= Z:J'=1 Li[j] denotes the counts of k-mer [; in S; The corresponding components of distribution vector are calculated as follows:

- . L]
* W= Z?I=1k+1]n_l]_

4

* Nyc = %75104 = Nyr =Npyg =Ner =Npg = 1
+
* ﬂAC=T=3’MCA=2’MAT=3:.UTA=4:.MCT=6:.“TG=7

(1-3)%2+(5-3)? 8
= :E,DZCA:D{‘T:DZTA:DZCT:DZTG:O

For example: specifies the average location of k-mer [;;

1-mers indicate A,

Is the m-order central moment « D#C

m
. m _ yvN-k+1 (]_”li) L]
C,G, T, 2-mers J Dli = Zj=1 n{”_l(n—k+1)m‘1

i

include AA, AC, -
of emergence position of letter k-mer [; (m = 2, ..., n, ...).

AG, AT, CA, CC, . ’
(naa, NAC, MG, Mt Ncas Nees Nees ers MGas NGes NGGs NGTs NTA, DTe, DTGy DTS

CG. CT, GA, GC,
GG, GT, TA, TC had PG Bag, ar ea, Fog Heg, ler [iaa, [1GC GG F 6T LTy BTG be b
___________________________________________________________ 1
,GT. TA, TC, D24, DAC, DAG, DAT DEA, DSC, DSE, DST, DGA, DGC, DSE, DST, DA, DIC, DIC, DIT

TG, TT. Then the k-mer Natural Vector with high order central moment (k-
mer NVHO) for sequence S is defined by a 4% - (m + 1)-
dimensional vector (n = 2 is enough) :

o e e e e e e e e e e e e e e e e e e e e e e e

Then the 2-mer Natural Vector is:

- e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e =

Deng M, Yu CL, Liang Q, He RL, Yau SST. 2011. A novel method of characterizing genetic sequences:
genome space with biological distance and applications. PLoS One, 6:€17293.

11/32
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Natural Vector Advantage C ILEZS
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Advantage 1: The fast calculation speed Advantage 2: Interpretability

— Input Data

Reason
| HIV: About 8000bp The distribution of ATCG
_E. coli: About 5Mbp uniquely determines the
|_Bird: About 900Mbp . JENOme.
B Homo sapiens: About 3000Mbp The information of nucleotides

distributions within the virus genome
(Natural Vector) can be used to

— Output Data canonically embed this virus genome

as a point in Euclidean space. This can
be viewed as the discrete analog of

. Kodaira embedding.

Alignment methods:
Output dimension is the length of sequences

Natural Vector:
| _Output dimension is 12- dimension

For example, there are 48 sequences
belonging to modern birds.

Alignment method:
| _About 1-2 years by 9 supercomputing centers

Natural Vector:
__About 4 days by a small server with 384GB

. . . . . 12/32
Jarvis, E. D., et al. (2014). Whole-genome analyses resolve early branches in the tree of life of modern birds. Science.



Motivation: 23 Problems Proposed by DARPA TEZS
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Problem Brief explanation

1

9
10
11
12

13

14
15
16
17

18

19
20
21
22
23

The continuum hypothesis (that is, there is no set whose cardinality is strictly between that of
the integers and that of the real numbers)

Prove that the axioms of arithmetic are consistent.

Given any two polyhedra of equal volume, is it always possible to cut the first into finitely
many polyhedral pieces that can be reassembled to yield the second?
Construct all metrics where lines are geodesics.

Are continuous groups automatically differential groups?

Mathemalliica rth of the axiom, sics:
(a) axiom t ith 1t t for foundation of statistical physics
(b) the ri rom the atomistic view to the laws

of motion of continua"

Is a*b transcendental for al # 0 1 and irrational algebraicb ?

The Riemann ivial zero of the Riemann zeta function is
1/2") and othe Goldbach's conjecture and the twin
prime conject

Find the most general law of the reciprocity theorem in any algebraic number field.

Find an algorithm to determine whether a given polynomial Diophantine equation with
integer coefficients has an integer solution.

Solving quadratic forms with algebraic numerical coefficients.

Extend the Kronecker—Weber theorem on Abelian extensions of the rational numbers to any
base number field.

Solve 7th-degree equation using algebraic (variant: continuous) functions of two parameters.

Is the ring of invariants of an algebraic group acting on a polynomial ring always finitely
generated?

Rigorous foundation of Schubert's enumerative calculus.

Describe relative positions of ovals originating from a real algebraic curve and as limit

cycles of a polynomial vector field on the plane.

Express a nonnegative rational function as quotient of sums of squares.

(a) Are there only finitely many essentially different space groups in n-dimensional Euclidean
space?

(b) Is there a polyhedron that admits only an anisohedral tiling in three dimensions?

(c) What is the densest sphere packing?

Are the solutions of regular problems in the calculus of variations always necessarily analytic?
Do all variational problems with certain boundary conditions have solutions?

Proof of the existence of linear differential equations having a prescribed monodromic group
Uniformization of analytic relations by means of automorphic functions

Further development of the calculus of variations

Problem Brief explanation
1 The Mathematics of the Brain

2 The Dynamics of Networks

3  Capture and Harness Stochasticity in Nature

4  21st Century Fluids

5 Biological Quantum Field Theory

6 Computational Duality

7  Occam’s R

8 Beyond Corx AR A 3

9 What are the Physical Consequences of Perelman’s Proof of Thurston’s
Geometrization Theorem"

10 Algorithmic Ori i mbl e m S

11 Optimal Nanostp

12 The Mathematics of Quantum Computing and Entanglement

13 Creating a Game Theory that Scales

14 An Information Theory for Virus Evolution

15 The Geometry of Genome Space

16 What are the Symmetries and Action Principles for Biology?

17 Geometric Langlands and Quantum Physics

18 Arithmetic Langlands and Geometry

19 Settle the Riemann Hypothesis

20 Computation at Scale

21  Settle the Hodge Conjecture

22 Settle the Smooth Poincare Conjecture in Dimension 4

23 What are the Fundamental Laws of Biology?

Imitating Hilbert who proposed 23 problems in mathematics in 1900, Defense
Advanced Research Projects Agency (DARPA) proposed 23 problems in pure and
applied mathematics in 2008. These problems will be proven to be very influential

for the development of mathematics in the 21st-century. 13/32



Convex Hull Principle for Molecular Biology & Genome Space & Natural metric

-80

I I
——— HRV-A serotype
HRV-B serotype ZTIN

* Our convex hull principle for molecular biology states that the 85 HRV-Cserotpe W S

HEV-B serotype ¥l .

— HEV-C serotype

-90

ﬁ convex hull formed from Natural Vectors of one biological { S

951

group does not intersect with the convex hull formed from any

~I90F HRV-B

HRV-C
-1051

other biological group.

110

w [/ Tian K 2018
« On the basis of the convex hull principle, we can construct the geometry T

The y projection of the 5 convex hulls

-1251-

of the genome space.

130 L L L 1 1 1 1
-940 -930 -920 -910 -900 -890 -880 -870 -860

« A genome space consists of all known genomes of living beings. It can Trexpreesioneries comexiils

The two-dimensional projection of the
convex hulls composed of 3 HRV

be considered as the moduli space in mathematics, and genome

sequences can be canonically embedded in a high-dimensional serotypes and 2 HEV serotypes. The
] convex hulls of the five families are
Euclidean space by means of Natural \ectors. mutually disjoint.

« The geometry of genomic space is reflected in sequence similarity, and proper Natural Metric is important for

inferring genome phylogeny and taxonomy.

14/32




Biological Sequence Datasets Analyzed
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Tsinghua University

To construct the genome space, we downloaded all

reliable genomes of virus and 7 kingdoms.

Dataset Data Information

7382 sequence:
83 families
24719 nucleoid sequences:
425 families
440 complete genomes:
7 phyla
2628 chromosome sequences:
23 families.
399 chromosome sequences:
22 families.
1200 chromosome sequences:
20 families.
390 chromosome sequences:
4 class

Virus

Bacteria

Archaea

Fungi

Plants

Protozoa

\ertebrates

345 chromosome sequences:

Invertebrates 3 orders

N This website serves the purpose of storing viral genome reference sequences and related information, o Tutarlal

VIRUS_DB

Virus Database and Online Inquiry System Based on Natural
Vector

Home
* Introduction

Natural Vector method is an alignment-free tool to characterize and analyze the genetic sequences
and has been successfully used to classify DNA/RNA and protein sequences with high efficiency and
accuracy. Natural Vector method was first proposed by Stephen Yau's team [1] in 2011. Many great
progress has been made in the past few years. In 2011, Natural Vector was applied for clustering
H1N1 genomes and interpreted the significant results in dendrogram [1]; in 2013, Natural Vector was
used to construct the protein space [2] and a database with all single-segmented virus viruses [3}; in
2014, Natural Vector was extended for classifying all multiple-segmented viruses along with Hausdorff
metric [4]. o July2013

+ Mission and Goal
providing online tools for computing Natural Vectors of genome sequences submitted by the users,
and returning five nearest viruses in our current database according to Natural Vector method.

* References

1. M Deng, C Yu, Q Liang, R LHe, S S.-T.Yau.(2011). A Novel Method of Characterizing Genetic
Sequences: genome space with biological distance and applications, PLoS ONE, Vol. 6, Issue 3, e17293.

2.CYu, M Deng, S-Y Cheng, 5-C Yau, R L He, S 5.-T.Yau.(2013). Protein space: A Natural Method for
Realizing the Nature of Protein Universe, Journal of Theoretical Biology, Vol. 318, 197-204.

3.CYu, T Hernandez, H Zheng, S-C Yau, H-H Huang, R LHe, ] Yang, S 5.-T.Yau.(2013). Real Time
Classification of Viruses in 12 Dimensions, PLoS ONE, Vol. 8, No. 5, 1-10.

4. H-H Huang, C Yu, H Zheng, T Hernandez, 5-C Yau, R LHe, ] Yang, § 5.-T.Yau.(2014). Global
Comparison of Multipl Viruses in 12 Genome Space, Molecular
Phylogenetics and Evolution, Vol. 81, 29-36.

5.HZheng, C Yin, T Hoang, R LHe, ] Yang, S S.-T.Yau.(2015). Ebolaviruses Classification Based on

“http:ffyautab.math.tsinghua.edu.cn/VirusDB/

6.) Wen, R H.Chan, 5-C Yau, R L He, § 5.-T.Yau,(2014). K-mer Natural Vector and its Application to the
Phylogenetic Analysis of Genetic Sequences, Gene, Vol. 546, No. 1, 25-34.

Update the Virus Database Based on Natural
Vector Method: VirusDB
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Research Target 1: The Genome Space Construction

Family B: Family C:
Genome 1, Genome 2,..., Genome nA Genome 1, Genome 2,..., Genome nB Genome 1, Genome 2,..., Genome nC

Feature Generation: (4+4n)-dimensional Natural Vector with high order central moment (NVHO) : (n=2,3,...)

! I
! I
|

| (nAl ng, g, 0, K, Ko, K UT) DAZI'D%"Dé'D%" iDE'DICI'D'GI’Dg) :
! I
\ Family B: Family C: :
| NVHO 1, NVHO 2,..., NVHO nB NVHO 1, NVHO 2,..., NVHO nC |
! I

Review genome space Definition:

* The genome space contains all known
genomes and reflects the important
nature of the genome universe.
1 Convex hull B Convex hull C

Point 1 i « Mathematically, the genome space can
Point 2 i be regarded as a moduli space and

I constructed as a subspace in a high-
dimensional Euclidean space.

‘ « If the convex hull principle holds in R,
The optimization method is used to determine whether - o the gepome spac_e exists and th_e genome
R i / space is located in a K-dimensional

i Euclidean space. Here K is the minimum
dimension of the Euclidean space where
the convex hull principle holds.

Adjust n>n+1

NO | 3 convex hulls are disjoint mutually? !

\ \:I ! I
: Convex hull A and B are disjoint ? Convex hull A and C are disjoint ? Convex hull B and C are disjoint ? :

! I

! I

Y

ES
Flowchart of constructing the genome space. The
example is based on 3 families and k=1. All convex e s b st i
hulls are mutually disjoint in a (4+4n)-dimensional (4+4n)-dimensional Euclidean space 17/32
space (n=2, 3, 4...).
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Optimization Method is Used to Check Whether Two Convex Hulls Intersect.

* If Ais the convex hull of point set {a4, a,, ..., a,,}, and B is the convex hull of point set {b4, b, ..., b, }. The mathematical principle
is that if Aand B intersect, then i, A;a; = Y-, Bjbj, where X121 4, = 1,4; =2 0,i = 1,2,...,m, ¥j_1 B = 1,6, 2 0,j =
1,2,..,n,a;b; € R

« It can be transformed a optimization problem: if there exists non-zero coefficients {1, 4,, ..., 4,y B1, B2, ..., Bn} in feasible domain
such that the minimum value of the following optimization problem is 0, then A and B intersect:

min |7 Aa; = Xy Bb |

S. t- :le‘l == 1,
=>0i=12,..,m
;'n=1,3j =1,

Bi=0,j=12,..,n
18/32




Research Target 2: Determination

of Natural Metrics in Genome Space

____________

Genome 1

Genome 2

Genome 3

Family A

Genome 4

F--—=—==—=-=-=--= 1
' I |
[ 1
(- 1
g Genome 6

(-] 1
(] 1
I |
1 1

Genome 8

Genome 9

Genome 10

Genome 11

Genome 12

Family C

Flowchart of
determining the
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1NN method. The
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measured using the geometric metric of two corresponding k-mer
NVsxandy.

Dis(12,11)

___________________________________________________________________________

Machine learning method:

The nearest neighborhood (INN) Classification

j=argminjeqp  12Dis(i, j):

If genome i and genome j share the same label, the classification
result is correct.

* The number of correct labels is N.

* The total number of labels is N (N=12).

N
Accuracy = 3>
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The Natural Metric

Review Natural Metric Definition:

*  The geometric metric with the

highest 1NN accuracy is the
Natural Metric in the genome
space. The Natural Metric can
measure the similarity of the
sequences, and determine the
phylogenetics and classification
of genomes.

* The uncertainty of k gives the

space to adjust the weights of
D,, and improve the
classification accuracy using the
metric definition.

* The weight a; of the weighted

distance D,, reflects the
contribution of the
corresponding k-mer NV to the
description of sequence
similarity.
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The Geometric Metrics

e Ll-distance of k-mer Natural Vectors: d (x,y) = X qly; — x;l;

e L2-distance of k-mer Natural Vectors: d; (x,y) = C~,(y; — x;)? )z

e The weighted summation of Euclidean distance of k-mer Natural Vectors: D,,(x,y) = a1d,(x,y) + a,d,(x,y) +
asds(x,y) + -+ a,d, (x,vy), ay € Rtk = 1,2,...,n. The weight a; reflects the contribution of the corresponding k-
mer NV to the description of sequence similarity. The uncertainty of k and weight a; provides space for improving
classification accuracy. Normally, we can test the following ay:

1
@ Ifak k1’ 1n=d1+_d2+152d3+ +15n1dn'
@ Ifak— k1’D2 _d1+ d2+ d3+ +2n1d ;
@ Ifak k1’ —d1+ d2+ d3+ +3n1dn;

@Ifak k15’ D4, =d; + 215d2 315d3+ + d
B Ifa, = kz, n=di+ d2+ S + = —d;

©® If ay =g, D6, = d; +2_3d2 +;d3+---+ﬁdn;
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Results




Result 1: Geometric Construction of Genome Space

Column A Column B Column C
Domain Kingdom Ul Oimlezet The correspondin The correspondin
Data Information | dimension of genome P g The Natural Metric . P g
vector maximum accuracy
space
Virus LR R AR CE 32 NV with 7-order momenq 220 = %1 %3 d2 Tz zds +- "t 7 do; 0.883
families L2 dlstance
. 24719 nucleoid NV with 11-order do;
SRR sequences: 425 families = moment Ll-distance SRR
Prokaryota _ D61o = dy +5; ~d, +5 —dy
Archaea 440 complete genomes: 48 2-mer NV with 2-order 0.9384
7 phyla moment 103 Tos Ga0; '
L1-distance
: 2628 chromosome : do;
Fungi sequences: 23 families. 40 AN/ EREIlar eliEhl L1-distance 0.9056
Plants <k chr-omoson}e_ 24 NV with 5-order moment| C.lz; 0.8216
sequences: 22 families. L1-distance
_ L e g
Eukaryota Protozoa 1200 ch.romosorp(_'-,\ 36 NV with 8-order momeny ~ DFe =t 21-5_d2 o S o 0.9274
sequences: 20 families. L1-distance
1 .
Vertebrates Sl chromosome 28 NV with 6-order moment b2, = C_ll 342 0.8590
sequences: 4 class |_1 dlstance
Invertebrates 345 chromosome 48 2-mer NV with 2-order | D59 = d; + dz t 5 d3 Tt dg, 0.8783
sequences: 3 orders moment |_1 dlstance
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Calculation Example of Genome Space (Virus)

Table: The convex hull principle of viral genomes holds in R32.

The results are based on 7382 sequences of 83 families. The number of disjoint convex hull pairs with the increase of the order of
NVHO. There are CZ; = 3404 convex hull pairs totally, and all pairs are disjoint when the order is more than 7. According to the
definition of embedding dimension of the moduli space, we choose the space with the lowest dimension, which indicates that the

viral genome space is sitting in a 32-dimensional Euclidean space.

Natural Vector with n-order central =2 1n=3 n=4 1n=5 n=6 =7 1n=8 n=9 n=10 n=11

moment
Euclidean space R'? R R20 R2* R28 p32 R36 R R R4S
No. of disjoint convex hull pairs 3221 3291 3338 3354 3395 3403 3403 3403 3403 3403

No. of intersecting convex hull pairs 182 112 65 49 8 0 0 0 0 0

23/32




Calculation Example of Natural Metric (Virus)

Table: Natural metric in viral genome space. The nearest neighborhood classification accuracies of virus family based on the

new Natural Metric for different n. For weight 2—1k (d Yk=1 k T ),the classification is more accurate with the increase in n.
For weight k—lz (d=Yr=1 = dk)the accuracy decreases when n=9, indicating that this definition is unstable. The Natural Metric

isdefinedasd = d; + - d2 + d3 + oot

dn.

2n1

Welght ay D1 Dz D3 D4 D5 D6 D7 D8 D9

21" 79.9% 82.8% 83.3% 83.3% 84.1% 85.8% 86.9% 87.4% 88.3%
% 79.9% 82.8% 83.3% 83.3% 84.4% 86.3% 87.7% 88.0% 85.6%
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Analysis With 1NN Accuracy Less Than 100%: Incomplete genome space

Group B Group A

« For Group A, there are 6 points. For Group B, there are 4 points.

* There is a large blank part for Group A, so maybe there is a
sequence that has not been sequenced. Then point a of Group A
Is closer to point b of Group B. That is to say, the 1NN
accuracy does not have to be 100%.
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Result 2: The Grand Biological Universe

« Grand Biological Universe Definition: Grand Biological Universe should contain all reliable biological sequences. In this Grand
Universe, the universes of seven kingdoms are mutually disjoint, and the convex hull principle of genomes for each kingdom holds.

The metric of the Grand Biological Universe can reflect the distance between two universes.

The geometric structure of the genome space corresponding to each
kingdom may be different. In order to accommodate all seven
kingdoms, we intuitively consider the maximum value of each genome

No weight (L1) 0.9472

115X (L1) 0.9503 0.9487 0.96

. . . 1724 (L1) 0.9549 0.9504
space dimension to determine the arrangement of each sequence: ey
kS (L1) 0.951 0.9484
The embedded dimension . 2 0.9535 00211 (ORI | 0.92
The corresponding vector e - B
of genome space U W osso1 | 0489 0.9506
Bacteria 48 NV with 11-order moment I No weight (L2 osir  ossss [JNI
Archaea 48 2-mer NV with 2-order moment 15t osss
- - k 0.959 0.956 0.9498 0.9453 0.88
Fungi 40 NV with 9-order moment e ® 0
- 13% (L2) 0.958 0.9576  0.9578  0.9584
Plants 24 NV with 5-order moment it o . O .
Protozoa 36 NV with 8-order moment K2 (L2) 0956 0952
Vertebrates 28 NV with 6-order moment U (12 09532 09522 09494 ooscs N EEH
- Dl D2 D3 D4 D5 D6 D7 D8 D9
Invertebrates 48 2-mer NV with 2-order moment
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Applications




Application 1 (k-mer Natural Vector): Phylogenetic Tree Construction

Example

- Pareatidae Squamata
- Dipsadidae Squamata
Elapidae Squamata
Colubridae Squamata
Viperidae Squamata

Xenodermatidae Squamata

Pythonidae Squamata

- Anguidae Squamata

- Phrynosomatidae Squamata
Iguanidae Squamata
Chamaeleonidae Squamata
Agamidae Squamata
Gekkonidae Squamata
Scincidae Squamata

- Lacertidae Squamata

Eublepharidae Squamata

Phyllodactylidae Squamata

Typhlopidae Squamata

Sphaerodactylidae Squamata

_|:- Amphisbaenidae Squamata
- Bipedidae Squamata
_|: Gavialidae Crocodilia

Crocodylidae Crocodilia

Alligatoridae Crocodilia

Pelomedusidae Testudines

Kinosternidae Testudines

- Cheloniidae Testudines
Chelydridae Testudines
Geoemydidae Testudines
Testudinidae Testudines
Trionychidae Testudines

- Chelidae Testudines

- Emydidae Testudines

\ertebrates

The embedded The corre;rhoen din
Data Information| dimension of | corresponding The Natural Metric maxFi)mum g
genome space vector
accuracy
: 1,
390 chromosome 28 NV with 6-order D, = d.1 +5da; 0.8590
sequences: 4 class moment L1-distance

* We use FastME software (http://www.atgc-montpellier.fr/fastme/) to draw a

tree and analyze the phylogenetic relationship.

» Here we give an example of invertebrate mitochondrial sequences. The tree is

based on sequences belonging to 54 families and 4 orders of reptile. Here we

only present a part of the tree. The name type is “family_order”.

* Result Analysis: Sequences that are from the same order are clustered together.

The result suggests that the k-mer NV has the potential to do phylogenetics

analysis.
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Application 2 (Convex Hull Principle): Genome Sequence Detection

O An established convex hull may have a large blank part,
so there may be sequences with biological significance.
These sequences may be mutated sequences or already
exist but have not yet been discovered.

O By listing the equations that satisfy the convex hull
conditions and solving them, a series of heuristic methods
are developed to find the biologically meaningful points
in the convex hull of the virus, and then deduce the
biologically meaningful sequences.

[1] Zhao R, Pei S, and Yau SST, New genome sequence detection via natural vector convex hull method. IEEE/ACM Transactions on Computational Biology and

Bioinformatics, 2020.

Algorithm 1. Random-Permutation Algorithm With
Penalty (RAP)

M,.: maximal iteration number; e: preset limit.
Initialization Step : Randomly generate a sequence S* with
ng, k € K requirement. And let Iter = 0.
Iteration Step
1: Get the positions of [A, C, G, T] based on S*.
2: while loss(S™) > eand iter < M, do
Iter = Iter + 1.
Get [P,,P., P, P,](S™, S*) based on Equation (7).
Let S™ = S*.
while loss(S™") > loss(S™') do
Randomly Select two nucleotides, k, q € K, k # ¢ based
on Probabilities [P,, P¢, Py, Py].
8: Randomly Select a position from the positions of k£ and
g, separately: pos; and pos,.
9: Get S** from S* (Do a permutation between pos, and
pOs,).
10:  end while
11:  Remove pos; from positions of k and remove pos, from
positions of g.
12:  Add pos, to positions of k and add posy, to positions of ¢.
13: LetS™ =S"".
14: end while
15: The S* is the sequence which minimizes our loss function
with the preset limit.

@

Nk

[2] Jiao X*, Pei S*, Sun Z, Kang J, and Yau SST. Determination of the nucleotide or amino acid composition of genome or protein sequences by using natural

vector method and convex hull principle, Fundamental Research, Vol. 1 (2021), 559-564.

Algorithm 2. Random-permutation Algorithm With
Penalty and Constrained Search (RAPCOS)

M,,..: maximal iteration number; e: preset limit.
Initialization Step : Randomly generate a sequence S™ with
ng, k € K requirement. And let Iter = 0.
Iteration Step
1: while loss(S*') > eanditer < M, do

10:
11:
12:
13:
14:
15:
16:
17:

19:

20:
21:
22:
23:
24:

25:
26:
27:

Iter = Iter + 1.
Get the positions of [A, C, G, T] based on S*.
Get [P,, P, P, P;](S™,S*) based on Equation (7).
Let §* = 8=,
while loss(S*") > loss(S*') do
Randomly select a nucleotide k € K based on probabil-
ity [P,, Pe, Pe, P.l.
Randomly select pos; from the positions of k.
Denote K, = K\{k}.
for k, € K, do:
if (g — o) (g, — pL;fl) > 0 then:
K. = K\ {k1}.
end if
end for
while K # 0 do
Randomly select a nucleotide g € K..
Find the relation of D% and D} according to
Theorem 3 and constrain the search region.
if The requirement for constrained search region is
satisfied then
Randomly select pos, from the constrained search
region. Break.
end if
K. =K:\{g}.
end while
end while
Remove pos;, from positions of k£ and remove pos, from
positions of q.
Add pos, to positions of k and add pos;, to positions of g.
Get ™ from S* (Permute pos, and pos,).
S = 8,

28: end while
29: The S8* is the sequence which minimizes our loss function

with preset limit.
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Application 3 (Natural Metric): The Early Transmission of SARS-CoV-2

O The Natural Metric in the SARS-CoV-2 subspace is Table: The top five SARS-CoV-2 sequences with the shortest metric.
Dy(s1,82) = dq1(51,52) +Zizd2(81182) +2i3d3(51»52) + -t o , Metric
1 ank Information Value
29 do(s1,52).
O Then we downloaded all reliable genomes from GISAID A RaTG1at the complete genome scale
(144,566 sequences), and compared with RaTG13 (Sequence 1 hCoV-19/France/B5434/2020 | EPI_ISL_44327912020-04-01 25311.95
Slmll arity 961%) and RmYN02 (Sequence Slmll arity 933%) 2 hCoV-19/Netherlands/Utrecht_10024/2020 | EPI_ISL,_45477312020-03-26 25322.00
[1, 2] 3 hCoV-19/USA/VA-DCLS-0392/2020 | EPI_ISL_46778812020-04-19 25324.18
4  hCoV-19/USA/CruiseA-1/2020 | EPI_ISL_41360612020-02-17 25327.38
O The results indicated that the distances between the first 5  hCoV-19/Sichuan/SC-WCH4-288/2020 | EPI_ISL_45139012020-01-23 25343.60
SARS-CoV-2 sequence collected in Wuhan and the sequences 346 hCoV-19/Wuhan/WHO01/2019 | EPI_ISL_40679812019-12-26 25429.13
of bat coronaviruses are distant. Some collected SARS-CoV-2 B. RmYNO02 at the complete genome scale
sequences obtained from France, Netherlands, Singapore, and 1 hCoV-19/Singapore/14/2020 | EPT_ISL_41438012020-02-13 28049.28
the Unit_ed States were found to be more similar to bat 2 hCoV-19/Singapore/23/2020 | EPL_ISL_42010012020-03-02 28058.59
coronaviruses. 3 hCoV-19/Singapore/13/2020 | EPL ISL,_41437912020-02-18 28085.93
4 hCoV-19/Singapore/30/2020 | EPI_ISL_42010712020-03-09 28093.80
O Therefore, itis highly unlikely that China was the first country 5  hCoV-19/USA/VA_NIDDL._3216/2020| EPI_ISL._4919432020-04-16 28094.80
where the first human-to-human transmission of SARS-CoV-2 7964 hCoV-19/Wuhan/WHO01/2019 | EPI_ISL_40679812019-12-26 28405.08

occurred.

[1] Zhou P, Yang X L, Wang X G, Hu B, Zhang L, Zhang W, Si H, Zhu Y, Li B, Huang C, et al. 2020. A pneumonia outbreak associated with a new coronavirus of probable bat origin. Nature 20579: 270-273.

[2] Zhou H, Chen X, Hu T, Li J, Song H, Liu Y, Wang P, Liu D, Yang J, Holmes E C, et al. 2020. A Novel Bat Coronavirus Closely Related to SARS-CoV-2 Contains Natural Insertions at the S1/S2 Cleavage Site of the Spike Protein. Curr. Biol. 30:
2196-2203.

[3] Shaojun Pei, Stephen S.-T. Yau. The genomic distance between bat coronaviruses and SARS-CoV-2 analysed using a new metric reveals multiple origins of COVID-19. (in submission) 30/32
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Summary 1EEZE

In this study, we use pure mathematics concept to study important problems in biology. In the number 15 of DAPRA
problems, we are asked to understand “The Geometry of Genome Space”. David Mumford used his geometric invariant
theory to construct moduli space of curves. Many people followed his idea to construct moduli space of high dimensional
varieties. What we established is the discrete analog of Mumford theory. The genome space with a proper metric is a

powerful means of determining the phylogenetics and classification of genomes.

Our convex hull principle for genome states that the convex hull formed from natural vectors from the same biological
groups does not intersect with the convex hulls formed from natural vectors from other biological groups. This can be

viewed as one of the Fundamental Laws of Biology for which DAPRA is looking for since 2008.

As applications, we explore: (1) Phylogenetics tree construction; (2) Genome sequence detection; (2) the early

transmission of SARS-CoV-2.
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